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Direct aeroacoustic simulation, which simulates acoustic radiation associated with unsteady fluid flows, involves

capturing waves in both aerodynamic and acoustic scales. The presence of a thermal field further complicates

this simulation. There are few analytical thermal-acoustic problems that could serve as benchmark to validate

computational aeroacoustics schemes. This paper attempts to seek a theoretical solution of a simple problem

involving scattering of acoustic plane waves by a localized zero-heat-gain/loss thermal disturbance and use it as a

benchmark to verify the validity and extent of a numerical gas-kinetic scheme based on the modeled Boltzmann

equation for the study of aeroacoustics resulting from thermal-flow/acoustic interaction. Two limiting cases with

different acoustic wavelengths are attempted. Theoretical solutions are established for both cases, with the center of

an axisymmetric thermal disturbance located at the origin of the physical domain. The incident acoustic wave has a

dimensionless amplitude given by 1 � 10�4 and is propagated from left to right of the coordinate system. The

simulation of the gas-kinetic scheme is carried out using the same computational setting as for the theoretical

solutions. Riemann invariants are stipulated at the open boundaries. Numerical results are compared with the

theoretical solutions and good agreement is obtained for the short-wavelength case only. The discrepancy for the

long-wavelength case could be partially attributed to the inappropriateness of the Riemann invariants for oblique

waves at the boundaries.

Nomenclature

a = sound speed
a1 = reference sound speed or characteristic velocity

scale
Dn = dimension number
e = internal energy of fluid
f�x; �; t� = particle distribution function
fa = prescribed f at outlet boundary of the absorbing

region
feq = equilibrium state of f
L = characteristic length scale
M = Mach number
Pr = Prandtl number
p = pressure
R = universal gas constant
Re = Reynolds number
r = radial coordinate
T = fluid temperature
t = time
u = x-direction velocity
u�u; v� = fluid velocity vector
v = y-direction velocity
vr = radial velocity
v� = circumferential velocity
x = stream coordinate
x�x; y� = spatial vector
y = normal coordinate
�t = time step
�x = grid length along x
�y = grid length along y

� = specific heat ratio
� = thermal conductivity
� = first coefficient of viscosity
� = microscopic particle velocity vector
� = fluid density
� = absorption coefficient
� = collision relaxation time
� = circumferential coordinate

Subscripts

i, j = indices for grid or velocity lattice
1 = upstream condition

I. Introduction

I T HAS been more than a century since the first powered flight.
Since then, the booming aviation industry and the abrupt growth

of world population has contributed to the demand on air travel and
on the rapid development of aviation, as well as the increasingly
stringent restriction on community noise. With the advent of com-
puters in the last several decades, active research in computa-
tional aeroacoustics (CAA) has been promoted to study and control
noise generation associated with air transport. Numerical prediction
of noise radiation associated with unsteady flows involves capturing
waves in both aerodynamic and acoustic scales. In other words,
propagation and interaction between three basicmodes ofmotion in a
slightly disturbed viscous heat-conducting gas [namely, acoustic
(pressure), entropy (thermal), and vorticity (velocity) waves] are
resolved in CAA studies [1].

In general, two major approaches to tackle aeroacoustic problems
are commonly used in CAA studies: namely, hybrid or two-step
method and direct aeroacoustic simulation (DAS) or one-step
method [2]. The hybrid method resolves the unsteady compressible
flow and the radiated sound field in two consecutive steps [3]. In this
method, the interaction between the modes is not resolved. If the
interaction between modes is to be studied, DAS is more appropriate
because it can resolve every mode of interaction simultaneously. In
reality, DAS involves solving amixed set of scalar, vector, and tensor
equations: that is, the state equation and the Euler or Navier–Stokes
(NS) equations. The stringent requirements in temporal and spatial
discretization lead to large computational cost. In view of this, effort
has been made to simplify the numeric on simulating aeroacoustics
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problems, which led to the exploration of an alternate numerical
scheme based on the modeled Boltzmann equation (BE) [4]. In this
approach, only scalar transport equations have to be solved and the
solution yields all aerodynamic and acoustic scales simultaneously.

Among the three basic modes of motion, flow–sound interaction
involved in the scattering of sound waves by vortices has received
great attention. Numerous attempts have been made to study sound
scattering by vortices, and the corresponding experimental, ana-
lytical, and numerical results are well documented [5–8]. According
to Colonius et al. [8], the ratio of the incident acoustic wavelength to
the size of the vortex is a critical parameter that has substantial effect
on the scattered field. Two different limits are possible based on this
ratio [9]. If the incident acoustic wavelength is small compared
with the size of the vortex, it is referred to as the Wentzel–Kramers–
Brillouin (WKB) limit, and it is referred to as the Born limit if the
wavelength is large. According to Morse and Uno Ingard [7],
scattered wave is defined as the wave given rise by the difference of
two waves: one results from the interaction between the acoustic
wave and the obstacle, and the other is the undisturbed wave in the
absence of the obstacle. If scattering by an obstacle is close to the
WKB limit, only half of the scattered wave spreads out in a near
isotropic pattern from the obstacle, and the other half interacts with
the incoming planewave to form a sharp-edged shadow. On the other
hand, if it is close to the Born limit, the scattered wave spreads out in
all directions and no sharp-edged shadow is observed. If the wave-
lengths of the incoming acoustic waves lie between the two limits,
different scattered fields can be obtained; these scattering results are
known as the intermediate cases.

Study of sound scattering in the two limits has been carried out by
various researchers. Georges [5] used high-frequency ray-tracing
techniques for the WKB limit, and Müller and Matschat [6] con-
sidered the Born limit using a distributed vortex with velocity
discontinuities. Their study was followed by the investigations of
Ferziger [10], O’Shea [11], Howe [12], Yates [13], and Candel [14].
Numerical and analytical solutions of the NS equations were
obtained by Colonius et al. [8] using distributed vortices with and
without circulation. Furthermore, Ford and Llewellyn Smith [9]
investigated the scattering of a plane acoustic wave by an axisym-
metric vortexwith localized vorticity, arbitrary circulation, and small
Mach numbers.

Thermal-acoustic interaction has drawn much attention among
researchers in the aerospace industry. This is due to the fact that
instability can be introduced by a fluctuating transfer of heat [15] and
a possible sound attenuation under favorable heat conditions [16].
The Rijke phenomenon [17], in which sound is generated by airflow
through a sufficiently long vertical open-ended tube with a hot-wire
net in its lower part, has been studied qualitatively by Rayleigh [18]
and quantitatively by Landa [19]. Farouk et al. [20] numerically
investigated a thermally induced acoustic wave in a two-dimensional
cavity by either heating up or cooling down the vertical walls of
the cavity. Most problems attempted to date were concentrated on
thermal induced noise or computation of thermal effect on the
absorption ability of air [16]. An exception is the study of Trilling [1],
who showed that an instantaneous temperature rise due to an
infinitely long plane wall could induce an acoustic wave.

Apart from the preceding cases, sound scattering due to thermal-
acoustic interaction has not gained much attention, especially in a
flowing medium. In view of this, an aeroacoustics problem with
acoustic scattering from an axisymmetric localized heat source is
studied in this paper. The theoretical solution of the acoustic scat-
tering problem is first established as a benchmark. This is followed
by a numerical simulation carried out by solving the modeled BE
using the gas-kinetic scheme of Xu [21] and Xu and He [22].

II. Theoretical Analysis of Thermal-Acoustic
Scattering

Scattering is a physical process whereby plane acoustic waves are
forced to deviate from their straight trajectories by one or more
localized obstacles residing in the medium through which they pass
[7]. In the present thermal-acoustic interaction study, the localized

obstacle is a thermal disturbance. It is constructed by structuring a
weak temperature distribution, such that the net heat loss/gain would
be zero in the absence of incident acoustic waves (similar to the case
of a zero-circulation vortex, in which lift is absent). Consequently,
the distributed heat source is stationary with respect to time.

The reasons for choosing such thermal disturbance are twofold.As
mentioned in the Introduction, DAS should be able to resolve the
interaction of aerodynamic and acoustic scales of the unsteady
flow simultaneously. In general, the numerical requirement is more
stringent in resolving the acoustic scale. Therefore, if a DAS
numerical scheme is sufficiently accurate to properly resolve the flow
interactions (e.g., scattering) at acoustic scale, it would have no
problem in tackling the interaction with aerodynamic scale. This is
the reason why the acoustic interaction of localized flow nonunifor-
mities (e.g., acoustic, vorticity, and entropy pulses) is taken as the
first benchmark problem for validation in previous DAS studies [4].
Another reason for this choice is that if the net heat gain/loss of the
thermal disturbance is nonzero, heat transfer will occur and there
will be an energy flow from the source located at the origin, even in
the absence of the incident acoustic wave. This energywill introduce
long-range effects on the scattering that might mask the actual
thermal-acoustic interaction. In fact, according to Chu [23], a weak
energydisturbance in a form similar to the present formulationmakes
the analysis of the interaction between acoustics and aerodynamic
unsteadiness in a viscous compressible heat-conductive flow more
manageable. This model for the thermal disturbance proved to be a
viable benchmark problem for the present investigation. Further-
more, the thermal-acoustic scattering problem is amenable to an
analytical steady-state solution; the sketch for this problem is shown
in Fig. 1.

A. Localized Axisymmetric Thermal Disturbance

In the present analysis, the variables aremade dimensionless using
the following characteristic scaling parameters (dimensional quan-
tities are denoted by an asterisk �): the length scale L is chosen to be
the characteristic length of the obstacle, the speed of sounda1�a21 �
�RT1 � �p1=�1� is taken to be the velocity scale, the time scale is
L=a1, the temperature scale is T1, and the density scale is �1. With
these characteristic scaling parameters, the dimensionless density,
temperature, and pressure are �� ��=�1, T � T�=T1, and p�
p�=�1a

2
1, respectively. Unless otherwise specified, all quantities in

the subsequent discussion are dimensionless.
In a quiescent environment, the axisymmetric heat source is

governed by a set of time-independent nondimensional conservation
laws; these are the conservation laws for mass, momentum, and
energy. In 2-D polar coordinates (r and �), they can be written as
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where Re1 � �1a1L=�; Pr1 � �cp�1�=�; �cp�1 is the specific
heat capacity at constant pressure p1; �rr is the shear stress; et is the
total energy (kinetic energy plus internal energy); Q�r� is the
dimensionless heat source; and � is the dimensionless work done
due to viscous stress. In the case of the linearized Euler equations
(LEE), the fluid is assumed to be inviscid. Therefore, viscous terms
�rr and � vanish. The coefficient of the heat conduction term
1=fRe1Pr1�� � 1�g is reduced to �=�1a1L�cp�1�� � 1� � C.
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The steady-state solution of Eqs. (1–3) can be assumed to be
given by

�vr � 0; p� p1 �
1

�
; T � �T�r�

�� ���r� � p1

R �T�r�
� 1

�T�r�
(5)

It can be shown that Eqs. (1) and (2) are identically satisfied and
Eq. (3) is reduced to

C
1

r

d

dr

�
r
d� �T�r��

dr

�
��Q�r� (6)

For a line heat source given by Q�r� � C��r�=4	r in an infinite

domain, the solution of Eq. (6) leads to a ln �r� term in �T�r�;
therefore, �T�r�will become unbounded as r!1 and a steady-state
solution cannot be obtained for a line heat source. To avoid
divergence as r!1, a distributed heat source with total source
strength given by Z 1

0

Q�r�r dr� 0 (7)

is invoked. After some tedious algebra, the distributed heat source
Q�r� that satisfied Eq. (7) can be determined as (the corresponding
distribution is shown in Fig. 1):

Q�r� �Q1�r� � 1 for r � r1 (8a)

Q�r� �Q2�r� � C0 � �1 � C0�e��
r�r1
b1
�2 for r1 � r � r2 (8b)

Q�r� �Q3�r� � C1

�
1 � e�

r3�r2
b2
�2��r�r3b2

�2� for r2 � r � r3 (8c)

Q�r� �Q4�r� � C3e
�r3�r2b2
�2��r�r3b3

�2 for r3 � r (8d)

where r1 � 1=6, r2 � 1=2, r3 � 2=3, b1 � 1:0, b2 � 0:6401,
b3 � 0:5, C0 � e�1=�e�1 � 1� � 0:5820, C1 � 0:4769, and C3�
0:2178. To visualize sound scattering by this axisymmetric heat
source, Q�r� is taken to be bounded at r� 1:0. The corresponding
temperature distribution and density distribution are determined by

Eq. (6) and ��� ���r� � 1= �T�r�; their respective distributions are
shown in Fig. 1.

B. Scattering by a Localized Thermal Disturbance

In the absence of acoustic waves, the mean thermal field due to a
localized axisymmetric thermal disturbance is given by Eq. (5) plus
the condition �v� � 0. The acoustic field may be derived using the
LEE approach with the additional assumption that the localized
thermal disturbance is not affected by the incident acoustic waves. In
other words, the nonlinear interaction between the incident sound
waves and the axisymmetric thermal disturbance is assumed to be
negligible. In 2-D polar coordinates, the conservation laws for the
fluctuating macroscopic properties (�, vr, v�, and p) in the LEE can
be expressed as
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Fig. 1 Sketch of the acoustic scattering problem and the corresponding heat, temperature and density distributions of the thermal disturbance.
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For amonochromatic incident acousticwavewith nondimensional
frequency !, the separation-of-variable technique can be used to
factor out the time dependence. Consequently, the real part of �, vr,
v�, and p can be expressed as
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(13)

where �̂, v̂r, v̂�, and p̂ are the total fluctuation amplitudes of density,
velocity, and pressure, respectively. Equations (10–12) form a closed
system and v̂r, v̂�, and p̂ are
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where �̂ can be determined subsequently by substituting the solution
of v̂r, v̂�, and p̂ into Eq. (9). A single equation for p̂ can be obtained
by substituting Eqs. (14) and (15) into Eq. (16); the result is
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As r!1 and �! �1, Eq. (17) can be written as

@2p̂

@r2
� !2p̂� 0 (18)

For a plane incident wave with amplitude A propagating in the x
direction, the incident pressure in 2-D polar coordinates can be
written as

p̂ i � Aei!r cos� � A
X1
m�0

im"mJm�!r� cosm� (19)

where Jm�!r� is the Bessel function of order m, "0 � 1, and "m � 2
for m� 1; 2; 3; . . .. The solution for p̂ in Eq. (19) in the r range,
0< r <1, can be obtained in three regions as follows:

1. Solution for p̂ in Region I (0< r � r1 with r1 	 1=3)

Suppose that p̂s are the scattered waves. The solution for Eq. (17)
can therefore be expanded in a Fourier series as

p̂� p̂i � p̂s �
X1
m�0

Dmgm�r� cosm� (20)

Fig. 2 Interaction between thermal disturbance and acoustic wave for the �� 1=3 case. Top row: total pressure fluctuation amplitude p̂; bottom row:

total temperature fluctuation amplitude T̂.
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To determine gm�r�, Eq. (20) is substituted into Eq. (17), with the
coefficient of the Fourier cosine series set to zero. The result is

d2gm
dr2
�
�
1

r
� 1

��

d ��

dr

�
dgm
dr
�
�
�!2 �m

2

r2

�
gm � 0 (21)

where gm must be finite as r! 0. In region I, Eq. (21) is further
reduced to

d2gm
dr2
� 1

r

dgm
dr
�
�
!2
0 �

m2

r2

�
gm � 0 (22a)

where !2
0 � ��0�!2, with the solution for gm expressed as

gm�r� � rm (22b)

which is used as the starting value for marching the solution from
r� r1 to r2. Note that the arbitrary constant is set to unity in this
solution for gm; its deviation from unity is absorbed into the
coefficient Dm, which has to be determined.

2. Solution for p̂ in Region II (r1 < r � r2 with r2 
 1)

In this region, r2 is taken to be greater than (but close to) 1.0, where
the thermal disturbance is localized at r � 1 and the density is
essentially at its uniform value outside this region. Again, p̂ can be
expressed as Eq. (20) and gm is obtained by solving Eqs. (21) and
(22).

3. Solution for p̂ in Region III (r2 < r <1)

In this region, the scattered waves should be an outgoing wave,
which can be expressed as

p̂ s � A
X1
m�0

im"mgm�r� cosm� (23)

where

gm � BmH�1�m �!r�

Here,Bm is a constant to be determined for everymode andH�1�m is the
Hankel function of thefirst kind [24]. Therefore, p̂ in Eq. (17) is in the
form

Fig. 4 Distribution of scattered-pressure amplitude p̂s for the �� 1=3 case: a) theoretical solution and b) gas-kinetic scheme result.

Fig. 3 Circumferential variations of scattered-pressure fluctuation amplitude at r=�� 7 for the �� 1=3 case: a) theoretical solution and b) gas-kinetic
scheme result.
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p̂� p̂i � p̂s � A
X1
m�0

im"m�Jm�!r� � BmH�1�m �!r�� cosm� (24)

Because ���r� � �1 in this region, Eq. (21) is reduced to

d2gm
dr2
� 1

r

dgm
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�
�
!2
1 �

m2

r2

�
gm � 0 (25)

where!2
1 � ��r2�!2 at r� r2, thus providing an initial condition for

the determination of Bm.

4. Patching of Solutions for p̂ at r� r2
The solution of p̂ in Eq. (17) can be determined by patching the

corresponding solutions obtained in region II and region III at r� r2,
where r2 is defined such that �� ���r2� � �1. Combining Eqs. (20)
and (24), p̂ becomes

p̂� p̂i� p̂s
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A
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m�0 i
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(26)

At r� r2, gm and dgm=dr should be continuous, and the coefficients
on the left-hand side and right-hand side of the cosine series should
be equal for every mode. Therefore, for 0 � m< 1,

Dmgm � im"mA�Jm�!r� � BmH�1�m �!r�� (27)

Dm
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dr
� im"mA

�
dJm�!r�
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dH�1�m �!r�
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�
(28)

To evaluate gm, the initial value problem is solved numerically using
a fourth-order Runge–Kutta scheme. At r� r1, the solutions of gm
and dgm=dr are obtained fromEq. (22b) and are used as initial values
for patching at r� r2.

At r� r2, both the Bessel function and theHankel function can be
determined, and so the unknown constantsBm andDm are computed
for every mode by solving Eqs. (27) and (28). The result is

Bm �
�J0m�!r� 
 ! 
 gm � Jm�!r��dgm=dr��
H�1�m �!r��dgm=dr� �H�1�m �!r� 
 ! 
 gm

(29)

Dm �
im"mA��Jm 
H�1�m �!r� 
 ! � J0m 
 ! 
H�1�m �!r���

gmH
�1�
m �!r� 
 ! � �dgm=dr�H�1�m �!r�

(30)

The corresponding gm is therefore determined for every mode
(0 � m<1), and the pressure distribution p̂�r� can be calculated.

III. Numerical Solution Based on the Modeled
Boltzmann Equation

In general, a DAS problem can be described by macroscopic
measurable properties such as density, velocity, and pressure through
a set of unsteady compressible NS equations. The success of solving
an aeroacoustic problem using a modeled BE therefore depends
greatly on its ability to resolve all macroscopic information
embodied in such a problem.

The modeled BE is commonly represented by the Bhatnagar–
Gross–Krook (BGK) model, with its dimensionless form given
by [4]

@f

@t
� � 
 rf�� 1

�
�f � feq� (31)

where � is the time taken for f to relax from a nonequilibrium state to
a Maxwellian–Boltzmann equilibrium state feq. The BGK model is
initially adopted for monatomic gases only. To apply it to diatomic
gases for realistic aeroacoustic problems, Li et al. [4] proposed a two-
relaxation-time model, in which both the translational and rotational
degrees of freedom DT and DR in particle–particle collisions are

taken into account. A set of unsteady compressible NS equations for
diatomic gas is recovered by invoking the Chapman–Enskog (CE)
expansion in terms of the Knudsen number Kn and with the
macroscopic variables required for describing an aeroacoustic
problem expressed as integral moments of f,Z

f d�� � (32a)

Z

if d�� �ui (32b)

DT �DR

DT

Z
1

2
j�j2f d�� �e� 1

2
�juj2 (32c)

Fig. 5 Radial variations of scattered-pressure fluctuation amplitude p̂s
for the �� 1=3 case (p̂s against r, with �2 � 10�4 � p̂s � 2 � 10�4 and

0 � r � 10=3): a) theoretical solution and b) gas-kinetic scheme result.
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DT �DR

DT

Z
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ij�j2f d��

�
�e� 1

2
�juj2 � p

�
ui (32d)

and the pressure is given by Eq. (4).
Invoking the CE expansion, the unsteady compressible NS

equations are recovered with two limitations. First, � is locally fixed
in the BGK model. Physically, it should vary with the molecular
velocity,which is directly related to the temperature. From the kinetic
theory point of view, � is an important parameter for a correct
derivation of the equation of state for a diatomic gas or the specific
heat ratio �. Further, it is also important to correctly recover the
transport coefficients, the first and second coefficients of viscosity �
and�, and the thermal conductivity �. To replicate the correct physics
of a DAS problem using a modeled BE, a physical model based on
Sutherland’s law was invoked by Li et al. [4] so that � varies with
temperature, thus allowing the transport coefficient� to be recovered
correctly.

Second, the thermal conductivity �, or its dimensionless counter-
part Pr, thus derived was found to give rise to the condition Pr� 1.
This value is not consistent with experimental data for real gases. For
example,Pr should have a value of 2=3 for amonatomic gas and 7=5
for a diatomic gas. Physically, the incorrect value of Pr implies
that the thermal energy exchange between particles has not been
replicated properly. To simulate DAS problems correctly, the BGK

model was further improved by Leung et al. [25] by invoking the
Eucken model of heat conduction. A correct value of � is obtained
such that the thermal energy exchange during the collision process is
partially taken into account.

A. Gas-Kinetic Scheme for Two-Dimensional Problems

Two numerical schemes are available for solving the modeled BE:
namely, the lattice Boltzmann method (LBM) and the gas-kinetic
scheme. Although LBM was adopted in Li et al.’s two-relaxation-
time model [4] to study aeroacoustics problems, the improved
modeled BE can be solved using different numerical schemes, as it is
based on fundamental physical consideration; that is, the improved
modeled BE can also be solved by the gas-kinetic scheme. To illus-
trate this, the numerical solution for the present thermal-acoustic
scattering problem is obtained by a gas-kinetic scheme. In the follow-
ing, a brief description of the gas-kinetic scheme proposed by Xu
[21] is presented. Further details are available from Xu and He [22].

The gas-kinetic scheme adopted for the present numerical simu-
lation of acoustic scattering by a localized thermal disturbance is
based on the formulation given by Su et al. [26] and Xu and He [22].
The gas-kinetic BGK scheme is a finite volume scheme from which
the mass, momentum, and energy fluxes are calculated across nu-
merical cell interfaces. In Xu and He’s model [22], the energy
equation was not solved because the formulation was intended for

Fig. 6 Scattered temperature field for the �� 1=3 case. Top row: distribution of scattered temperature fluctuation amplitude T̂s; bottom row:

circumferential variation of T̂s at r=�� 7.
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incompressible isothermal flow simulations. Because a significant
temperature gradient exists in the present thermal-acoustic scattering
problem, the energy equation has to be included in the gas-kinetic
BGK scheme. This is accomplished by making reference to the
model of Su et al. [26] for low-speed flow simulations.

For a two-dimensional problem, the BGK-type model for the
equilibrium distribution function in the gas-kinetic scheme can be
expressed as

feq � �
�
�

	

��K�2�=2
e����
x�u�

2��
y�v�2��2 � (33)

where �� 1=2RT and � is a vector inK dimensions, whereK can be
regarded as the implicit degree of freedom. For example, for a two-
dimensional problem with diatomic gas, the explicit degree of
freedom is the translational ones in the x and y directions. The
corresponding implicit degrees of freedom are the translational one
in the z direction and two rotational degrees of freedom for diatomic
gas. Therefore, �2 can be expressed as �2 � �21 � �22 � 
 
 
 � �2K ,
where K � 3 for a two-dimensional problem with diatomic gas.

The macroscopic conservation equations in two dimensions can
be derived from the modeled BE by introducing four collision
invariants ’
 (
� 0, 1, 2, 3), where ’0 � 1, ’1;2 � 
, and ’3 �
�
2x � 
2y � �2�=2 for the two-dimensional gas-kinetic BGK scheme,
via the following equations:

W �

�
�u
�v
�et

0
BB@

1
CCA�

Z
’
f d
x d
y d� (34)

The mass, momentum, and energy fluxes are obtained as follows:

F
*

�W� �

F
*

�

F
*

�u

F
*

�v

F
*

�et

0
BBBBB@

1
CCCCCA�

Z
�’
f d
x d
y d� (35)

According to Su et al. [26], the finite volume gas-kinetic BGK
scheme is derived by integrating the modeled BE over the area of the
numerical cell (dx dy) and further integrating the results with respect
to time (dt) as follows:Z �

@f

@t
� � 
 rf

�
’
 d��

Z �
� f � f

eq

�

�
’
 d� (36)

where d�� d
x d
y d� dx dy dt. For a cell�with boundary @�, the
integral moments of f can be expressed as

d

dt

Z
�

’
f d� dV �
Z
@�

’
�f d� 
 n d� � 0 (37)

The resulting finite volume scheme at numerical cell � is con-
structed as

Wn�1
� �Wn

� �
1

�S�

X4
k�1

Z
�t

0

F
*

k 
 l
*

k dt (38)

where�S�is the area of the numerical cell�;�t� tn�1 � tn; F
*

k is

the flux across cell interfaces normal to k
*

; and j l
*

kj is the length of

the cell interfacewith normal direction k
*

. To march the macroscopic

solutions from tn to tn�1, F
*

k in Eq. (38) should be obtained via
Eq. (35); that is, the distribution function f in Eq. (35) has to be
determined. The corresponding calculation method based on models
developed by Su et al. [26] and Xu and He [22] will be highlighted.

A formal integral solution for the distribution function in the
modeled BE is expressed in the form

f�x; �; t��t� � 1

�

Z
t��t

t

feq�x0; �; t0�e��t��t�t0 �=� dt0

� e��t=�f0�x � ��t; �� (39)

where x0 � x � ��t��t � t0� is the trajectory of a particle motion.
To obtain the solution of f, the feq and f0 on the right-hand side of
Eq. (39) have to be determined. Suppose there is a cell interface
xi�1=2 between two adjacent cells xi and xi�1. At the beginning of
each time step �t (assume t� 0 for ease of demonstration), the
initial distribution function f0�x; �; t� 0� around xi�1=2 can be
expressed as

Fig. 7 Radial variations of scattered temperature fluctuation ampli-

tude T̂s for the �� 1=3 case (T̂s against r, with �7:5 � 10�5 � T̂s �
7:5 � 10�5 and 0 � r � 10=3): a) theoretical solution and b) gas-kinetic

scheme result.

2046 KAM, SO, AND LEUNG



f0�x; �; 0� � feq�xi�1=2; �; 0� � f�1��xi�1=2; �; 0�
� �x � xi�1=2� 
 rfeq�xi�1=2; �; 0� (40)

where f�1� � f � feq is defined as the nonequilibrium distribution
function. To solve Eq. (40), feq, f�1�, and the gradients of feq are
calculated by following the procedure; the first step is to determine
feq and its gradients, then the deviation distribution f�1� can be deter-
mined next. These procedures are briefly described next.

1. Determination of feq

The mesoscopic distribution function can be connected with the
macroscopic variables by integrating the moments of f. Because of
the fact that

R
��1=���f � feq� d
x d
y � 0 (compatibility condi-

tion), the connection can also be made by the integral moments of
feq; that is,Z

’
f
eq d
x
y d��Wi�1=2 � � � �u �v �et �Ti�1=2 (41)

where Wi�1=2 is the macroscopic variables at cell interface xi�1=2.
According to Xu and He [22], Wi�1=2 and its gradients can be
obtained from the discretized initial dataWi by a third-order central-
differencing interpolation scheme; that is,

Wi�1=2 �
7

12
�Wi �Wi�1� �

1

12
�Wi�1 �Wi�2� (42)

�
dW

dx

�
i�1=2
�
�
5

4
�Wi�1 �Wi� �

1

12
�Wi�2 �Wi�1�

��
�x (43)

Therefore, feq is determined by substituting values fromEq. (42) into
Eq. (40), using the expression of feq in Eq. (33). On the other hand,
the gradients offeq are obtained by taking derivatives of Eq. (41)with
values of �dW=dx�i�1=2 determined from Eq. (43).

2. Determination of f�1�

The next step is to determine the nonequilibrium distribution
function f�1� � f � feq, which can be expressed as

f�1� � ��
�
@feq

@t
� � 
 rfeq

�
����a
x � b
y � A�feq (44)

where @feq=@t� Afeq, @feq=@x� afeq, and @feq=@y� bfeq. The
coefficients A, a, and b are given by A� A
 
, a� a
 
, and
b� b
 
, respectively, for 
� 1, 2, 3, 4. These coefficients can be
determined from

Fig. 8 Interaction between thermal disturbance and acoustic wave for the�� 10=3 case. Top row: total pressure fluctuation amplitude p̂; bottom row:

total temperature fluctuation amplitude T̂.
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Therefore, Eq. (40) becomes

f0�x; �; t� � feq�1 � ��a
x � b
y � A� � ax� by� (46)

and the remaining unknown inEq. (39) isfeq around the cell interface
xi�1=2 at t� 0. This can be determined by expanding feq about t� 0
as

feq�x; �; t� � feq�xi�1=2; 
; 0� �
@feq

@x
x� @f

eq

@y
y� @f

eq

@t
t

� feq�1� ax� by� At� (47)

Substituting Eqs. (46) and (47) into Eq. (39), f at cell interface xi�1=2
becomes

f�xi�1=2; �; t� � feq�1 � ��a
x � b
y � A� � At� (48)

Substituting f in Eq. (48) into Eq. (35), the mass, momentum, and
energy fluxes across the cell interface xi�1=2 can be evaluated.
Marching from t� n to t� n� 1, Eq. (38) becomes

Wn�1
� �Wn

� �
Z

�t

0

�
1

�x
�F�W�i�1=2;j � F�W�i�1=2;j�

� 1

�y
�F�W�i;j�1=2 � F�W�i;j�1=2�

�
dt (49)

Hence, the density, momentum, and energy inside the computational
domain for every time step can be determined.

Time marching is based on the Courant–Friedrichs–Lewy (CFL)
condition in accordance with Su et al. [26]. The ratio of the time step
to the relaxation time is specified in the range of 10 � �t=�eff < 100.
The CFL number is set at 0.45 for the numerical simulation.

B. Correction for Pr

An attempt has beenmade to correctPr for the gas-kinetic scheme
[21]. However, the approach is based on numerical consideration
only. In this paper, the gas-kinetic scheme adopted was modified so
that Pr could be corrected by invoking the Eucken model [25].

C. Nonreflecting Boundary Conditions

The thermal-acoustic scattering problem investigated has open
boundaries only; therefore, nonreflecting boundary conditions are

Fig. 9 Scattered-pressure field for the�� 10=3 case. Top row: distribution of scattered-pressurefluctuation amplitude p̂s; bottomrow: circumferential

variations of p̂s at r=�� 7.
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required for its successful simulation. In principle, nonreflecting
boundary conditions should be tailored for each numerical scheme.
For the gas-kinetic scheme, a viable nonreflecting boundary condi-
tion based on the one-dimensional Riemann invariants is adopted for
the incoming and outgoing boundaries on the left- and right-hand
sides of the computational domain (Fig. 1), and a zero-order extra-
polation method is applied to the upper and lower boundaries.
Instead of applying the open boundary conditions to the distribution
functionf as in the latticeBoltzmannmethod [27], they are applied to
the primitive variables in the gas-kinetic scheme. The corres-
ponding feq is updated via Eq. (41) at each time step along the open
boundaries.

IV. Discussion of Results

Generally speaking, for scattering of acoustic plane waves by an
obstacle, be it a localized vortex [8] or a rigid cylinder [7], the
resulting scattering pattern is determined by the ratio between
incidentwavelength�� (dimensional) and the characteristic length of
the obstacle L (in this case, the obstacle is the thermal disturbance),
which can be effectively described in terms of the Helmholtz number
Hn � kL, where k� 2	=�� is the wave number. Because Hn�
kL� !L=a1, it can be viewed as a form of dimensionless frequency
for the indication of the compactness of the acoustic scattering.
Therefore, one can expect, for different values ofHn, that the incident
acoustic wave and the obstacle will interact differently, thus creating
different directivity patterns. To show that such interaction physics
also occur with the present thermal scattering problem, two limiting
cases with Hn > 1 and Hn < 1, are attempted.

Because the thermal disturbance is bounded at r� 1:0, then
L� 3:0. The first case is set with Hn � 6	, which gives a dimen-
sionless wavelength �� ��=L� 1=3, and the second case is set
withHn � 0:6	 for a dimensionless wavelength �� 10=3. The first
case can be regarded as a scattering in the short-wavelength (or high-
frequency) limit or the WKB limit, and the second case can be
referred to as a scattering in the long-wavelength (or low-frequency)
limit or the Born limit.

The theoretical solution for the scattering problem is obtained
numerically with an incident acoustic wave amplitude specified as
A� 1 � 10�4. The center of the thermal disturbance is located at
�x; y� � �0; 0�, as shown in Fig. 1. The radial heat distribution and
the corresponding temperature and density distributions are also
shown in the figure. The calculations of the two cases (with �� 1=3
and 10=3) are carried out by rescaling the size of the thermal distur-
bance. As a result, the size of the computational domain remains the
same for both cases. However, the computational domain has to be
big enough to allow the solution to be resolved accurately. These two
cases are discussed subsequently.

A. Case 1: �� 1=3

This case corresponds toHn � 6	. The grid sizes are specified as
�x��y� 5 � 10�2=3, with 400 � 400 grid points in the com-
putational domain. This choice is equivalent to a physical domain
size of �10=3 � x � 10=3 and �10=3 � y � 10=3. The incident
acoustic wave is released at x��10=3. According to Morse and
Uno Ingard [7], the choice of this � is not common in acoustic
scattering studies. However, it is expected that the scattering
behavior would be distinct from that for the long-wavelength limit.

The theoretical and numerically simulated total pressure and tem-

perature fluctuation amplitudes p̂ and T̂ of the interaction are shown
in Fig. 2. Obviously, a sharp-edged shadow is created behind the
thermal disturbance for this case (Figs. 2a and 2b). The presence of
such a sharp-edged shadow in the forward-scattering direction
(downstream direction) agrees with the general theory of acoustic
scattering [7]. For this short-wavelength scattering case, the sharp-
edged shadow formed behind the obstacle (thermal disturbance)
results from the interaction between the scattered wave and the
undisturbed plane acoustic waves behind the obstacle. The scattered
wave is defined as the interfering wave, which interferes destruc-
tively with the undisturbed plane acoustic waves downstream. This

interfering wave makes up half of the total scattered wave. The other
half is regarded as the reflected waves, which spread out nearly
uniformly in all directions. Because pressure and density are related
by p̂� a21�̂, their fluctuation behavior will be essentially the same;
therefore, the resulting �̂ is not shown. Similar scattering patterns are

also observed in the resulting temperature fluctuation T̂, which is
obtained from Eq. (4) (see Figs. 2c and 2d).

The directivity patterns of the scattered-pressure fluctuation
amplitude p̂s are shown in Fig. 3. In Fig. 3a, it can be clearly seen that
peak scattering occurs along the axis of symmetry of the thermal
disturbance, accompanied by secondary peaks approximately at
angles ���	=6with scattering amplitudes about half of that along
the axis of symmetry. The reflection of the scattered waves is not

Fig. 10 Radial variations of scattered-pressure fluctuation amplitude
p̂s for the �� 10=3 case (p̂s against r, with �4 � 10�5 � p̂s � 4 � 10�5

and 0 � r � 100=3): a) theoretical solution and b) gas-kinetic scheme

result.
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significant for this WKB limit. On the other hand, numerical error in
the form of high-frequency oscillations is detected in Fig. 3b. This
numerical error can be attributed to the fact that the nonreflecting
boundary condition based on Riemann invariants is not truly non-
reflecting for scattered waves with any angle of incidence approach-
ing the outgoing boundaries. In fact, the Riemann invariants are most
effective for outgoing waves that are normal to the open boundaries
only. In this �� 1=3 case, most of the scattered waves are concen-
trated at thewake region of the thermal disturbance. As a result, most
of the scattered waves exit the outgoing boundary at small angles of
incidence; this means that the Riemann invariants are approximately
valid and the scattered field is not much altered by the small amount
of reflected waves bouncing back from the open boundaries.
However, the scattered patterns plotted in Fig. 4 show that the gas-
kinetic scheme result is in good agreement with that deduced
analytically.

In Figs. 2–4, the gas-kinetic scheme solutions generally show
good agreement in directivity patterns with the corresponding
theoretical solutions. However, the theoretically predicated and the
gas-kinetic calculated amplitudes of the primary and secondary
scattering peaks differ. This can be observed from the circumferential
variations of fluctuation amplitude at r=�� 7 (Fig. 3). The gas-
kinetic calculations give 1:25 � 10�4 and 0:58 � 10�4 for the ampli-
tude of the primary and secondary scattered peaks, respectively.
They are smaller than the corresponding values deduced from the
theoretical solution (1:38 � 10�4 and 0:62 � 10�4). The reduction in
scattered fluctuation amplitude can be explained by the nonlinear
interaction between the incident acoustic waves and the distributed
heat source. The modulation of the amplitude of the scattered waves,
resulting from the nonlinear thermal-acoustic interaction, is revealed
by this one-step aeroacoustics simulation obtained by solving the
modeledBE.On the other hand, such nonlinear interaction ismissing

in the framework of LEE on which the present theoretical analysis is
based.

The variation of the scattered-pressure amplitude p̂s from �� 0 to
	 along radii originated from the center of the thermal disturbance is
illustrated in Fig. 5. The dissection of the scattered field with respect
to different � obtained by the gas-kinetic scheme (Fig. 5b) clearly
shows the modulation of scattered amplitude by the nonlinear
thermal-acoustic interaction and the numerical errors detected with
increasing �, as compared with those results given by the theoretical
solution (Fig. 5a).

The theoretical and calculated directivity patterns of the scattered

temperature fluctuation amplitude T̂s are shown in Fig. 6. The
corresponding circumferential variation of the scattered amplitude
from �� 0 to 	 along radii originated from the center of the heat

source are illustrated in Fig. 7. The directivity pattern for T̂s is similar
to that for p̂s and �̂s (not shown). However, the order of magnitude of
the scattered temperature is 10�5, which is10�4 times the temperature
variation of the thermal disturbance (where the thermal difference
within the distributed heat source has an order of magnitude of 10�1).
Again, the alteration of the scattered amplitude due to the nonlinear
thermal-acoustic interaction is replicated as that shown by p̂s and �̂s,
with numerical error detected starting at � 
 	=6 for the gas-kinetic
scheme (Fig. 7) compared with the theoretical results. Again, the dis-
crepancy between the gas-kinetic scheme solution and the theoretical
result can be attributed to the inefficiency of the nonreflecting
boundary conditions toward the outgoing waves with large angle of
incidence (� 
 	=6). The directivity pattern for the short-wavelength
limit is found to be similar to that of sound scattering by a vortex pair
composed of two Oseen vortices of opposite circulation [28].
However, no details of the theoretical derivation of the corresponding
sound-scattering problem was given in their paper; therefore, a
quantitative comparison is not possible at this time.

Fig. 11 Scattered temperature field for the �� 10=3 case. Top row: distribution of scattered temperature fluctuation amplitude T̂s; bottom row:

circumferential variation of T̂s at r=�� 7.
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B. Case 2: �� 10=3

This case corresponds to Hn � 0:6	. In this case the grid sizes
chosen are given by�x��y� 5 � 10�2=3 and again a 400 � 400
grid is located inside the computational domain. After rescaling the
distributed heat source size by 1=10 times that for case 1, the
computational domain represents a physical domain with size given
by �100=3 � x � 100=3 and �100=3 � y � 100=3. The incident
acoustic wave is specified at x��100=3. In this case, the radius of
the distributed heat source is about 0.3 times the incident acoustic
wavelength and can be regarded as the long-wavelength limit (i.e.,
the Born limit). According to Morse and Uno Ingard [7], acoustic

scattering in the Born limit is of strong practical interest and is thus
studied extensively.

Unlike case 1, the scattered waves spread out in all directions as
reflected waves. Because the interfering wave is negligible in this
long-wavelength limit, no sharp-edged shadow is expected in the
scattered field. The corresponding contours of the resulting pressure

p̂ and temperature T̂ fluctuation are shown in Fig. 8. It can be seen
from the figures that the fluctuations are quite uniform.

The scattered pressure p̂s and the corresponding directivity pattern
are shown in Fig. 9. As can be seen from Fig. 9a, the scattered
pressure spreads more or less uniformly in all directions, with the
peak amplitude at the immediate wake region of the distributed heat
source. No shape-edged shadow is detected; instead, the scattered
waves spread out more or less uniformly at about �7	=18 �
� � 7	=18. As shown in Fig. 9b for the scattered pressure p̂s, the
fundamental behavior of the scattered field is replicated by the gas-
kinetic scheme. However, significant reflection of the scattered
waves is detected and captured in the calculated scattered-pressure
distribution in Fig. 9b.

As shown in the theoretical solution (Fig. 9c), there is a phase
change at ���	=2. Maximum amplitude is reported at �� 0 and
decreases to its minimum at ���	=2 and increases again to its
secondary peak at �� 	. This indicates that the reflected portion of
the scattered wave is significant for this long-wavelength or Born
limit. Again, a significant reflection of the scatteredwaves is detected
and captured in the directivity plot in Fig. 9d. Because the scattered
waves enclose a much wider angle (�7	=18 � � � 7	=18) com-
pared with case 1, the angle of incidence for the scattered wave
exiting the open boundaries is much larger than that found in case 1.
Therefore, Riemann invariants are not sufficient to guarantee true
nonreflecting boundary conditions for the scattered waves, and the
scattered field is therefore superimposed by the reflected waves from
the boundaries. As a result, the fundamental behavior of the scattered
pattern can be recognized but the amplitude of the scattered waves is
contaminated by numerical noise. The phenomenon is revealed
clearly by the variation of p̂s, with � ranging from 0 to 	 along radii
originated from the center of the thermal disturbance (Fig. 10).

The scattered temperature T̂s is obtained from Eq. (4). The
corresponding directivity plots and scattered patterns are shown in
Fig. 11. Again, the scattered waves deduced from the theoretical
solution (Figs. 11a and 11c) spread out uniformly with maximum
amplitude around �� 0 with a drop at �� 0. There is a noticeable
phase change at ���	=2. The scattered amplitude decreases to its
minimum at ���	=2 and increases again to its secondary peak at
�� 	. Similar to the explanation for the scattered pressure and
density, there is significant reflection of scatteredwaves for this long-
wavelength-limit case. Again, the scattering pattern can be seen from

the distribution of the scattered temperature T̂s, and the scattered
waves are superimposed with numerical noise, as shown in Fig. 11d.

The same phenomenon can be seen from the variation of T̂s, with �
ranging from 0 to 	 along radii originated from the center of the
thermal disturbance (Fig. 12).On the other hand, the numerical errors
due to the gas-kinetic scheme are even more significant compared
with those in case 1, because the scattered magnitude in case 1 is
approximately 10�4, whereas it is around 10�6 in this case. As a
result, poor agreement is obtained between the theoretical and the
gas-kinetic solutions for this case.

V. Conclusions

Acoustic scattering by a thermal disturbance with zero net heat
gain/loss has been studied. A theoretical solution has been derived
and used as a benchmark problem to verify the validity and extent
of the gas-kinetic scheme for direct aeroacoustid simulation. The
thermal disturbance is so structured that a steady-state solution can
be obtained for this acoustic scattering problem. Two cases [namely,
the short wavelength (�� 1=3) or WKB limit and the long wave-
length (�� 10=3) or Born limit] are investigated theoretically and
numerically by solving the modeled BE using a gas-kinetic scheme.
Different scattered patterns are obtained for both limits, which is a

Fig. 12 Radial variations of scattered temperature fluctuation am-

plitude T̂s for the �� 10=3 case (T̂s against r, with �3 � 10�5 � T̂s �
3 � 10�5 and 0 � r � 100=3): a) theoretical solution and b) gas-kinetic

scheme result.
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consequence of the difference in scattered waves resulting from the
interaction between the incident sound waves and the localized
thermal disturbance.

For the �� 1=3 case, a shadow with a sharp edge is observed
behind the thermal disturbance along its x axis of symmetry in the
forward-scattering direction, whereas it is absent in the �� 10=3
case. The difference is clearly shown on the directivity plots, where
reflection is insignificant for the �� 1=3 case, whereas it is impor-
tant for the �� 10=3 case.

For the �� 1=3 case, the gas-kinetic simulation results show
good agreement with the theoretical solutions. Also, the nonlinear
thermal-acoustic interaction between the thermal disturbance and
the incident acoustic waves are appropriately resolved by this one-
step aeroacoustic simulation, whereas the corresponding thermal-
acoustic interaction is not considered in the analytical solutions or in
any other two-step numerical schemes for aeroacoustic simulations.
The computational boundaries based on Riemann invariants are
sensitive to the angle of incidence of the exiting waves. Because the
scattered waves are concentrated in the wake region of the thermal
disturbance, most of the scattered waves are exiting the nonreflecting
boundaries with small angles of incidence. Therefore, both the
scattered pattern and the amplitudes are preserved, and the discre-
pancy in scattered amplitudes between the gas-kinetic simulation
results and the theoretical solutions could be attributed to the
different physics embodied in the assumptions of the two
approaches.

For the�� 10=3 case, due to the large obliqueness of the scattered
waves propagating toward the exiting boundaries, only the basic
scattered pattern is reproduced, whereas the scattered amplitudes
cannot be compared with those obtained from theoretical analysis,
as they are contaminated by the reflected waves from the open
boundaries. These results show that for the �� 10=3 case, the
Riemann-invariant boundary conditions are not appropriate and need
improvement.
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